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SOLUTIONS OF NONLINEAR DIFFERENTIAL EQUATIONS
ON A RIEMANNIAN MANIFOLD
AND THEIR TRACE ON THE MARTIN BOUNDARY

E. B. DYNKIN AND S. E. KUZNETSOV

ABSTRACT. Let L be a second order elliptic differential operator on a Rie-
mannian manifold £ with no zero order terms. We say that a function h
is L-harmonic if Lh = 0. Every positive L-harmonic function has a unique
representation

hw) = [ ki),

where k is the Martin kernel, E’ is the Martin boundary and v is a finite
measure on F’ concentrated on the minimal part E* of E’. We call v the trace
of h on E’.

Our objective is to investigate positive solutions of a nonlinear equation
*) Lu=u* onFE

for 1 < a < 2 [the restriction @ < 2 is imposed because our main tool is
the (L, a)-superdiffusion, which is not defined for o > 2]. We associate with
every solution u of (*) a pair (T',v), where I is a closed subset of E’ and v is
a Radon measure on O = E’ \T". We call (I',v) the trace of u on E’. T is
empty if and only if u is dominated by an L-harmonic function. We call such
solutions moderate. A moderate solution is determined uniquely by its trace.
In general, many solutions can have the same trace.

In an earlier paper, we investigated the case when L is a second order
elliptic differential operator in R% and E is a bounded smooth domain in R%.
We obtained necessary and sufficient conditions for a pair (T', v) to be a trace,
and we gave a probabilistic formula for the maximal solution with a given
trace.

The general theory developed in the present paper is applicable, in partic-
ular, to elliptic operators L with bounded coefficients in an arbitrary bounded
domain of R%, assuming only that the Martin boundary and the geometric
boundary coincide.

0. INTRODUCTION

0.1 Definition of the trace. The key ingredients of this definition are: (1) a
concept of a moderate solution and (2) operators @ p indexed by closed subsets of
the Martin boundary E’ and acting on positive solutions of the equation

(0.1) Lu = u®.
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A positive solution u of (0.1) is called moderate if it is dominated by an L-
harmonic function. For such u, there exists the minimal L-harmonic majorant h.
The trace of u is defined as the finite measure v which appears in the Martin integral
representation of h.

We introduce the operators Qp probabilistically, but they can also be defined
analytically. [The equivalence of both approaches follows from [6].] If u is a solution
of (0.1) and D is a regular open set in F, then there exists a minimal element vp
among positive solutions v of (0.1) in D such that, for every ¢ € 9D, v(z) — u(c)
as ¢ — c¢. Moreover, vp is monotone decreasing in D. Let d(z,y) be the Martin
distance between z and y. For every closed subset B of E’, there exists a sequence
of regular open sets D,, in E' with the properties that for every n, wieng d(xz,B) >0
and sup d(z,B) — 0 as n — oo. The limit limvp, exists, and it does not depend

¢ D,
on théZ choice of D,,. We denote it by Qp(u).

The trace of a solution u can be defined as a pair (a closed set T, a Radon
measure v on O = E'\ T') with the following properties:

(i) For every closed B C O, @p(u) is moderate and its trace coincides with v on
B.

(ii) If @p(u) is moderate for B C T', then Qg (u) = 0.

0.2. Traces of moderate solutions. Which measures v are the traces of mod-
erate solutions? The answer to this question was given in [12] in the classical case
when L is an elliptic operator in R¢ and E is a bounded smooth domain in R%. We
introduced a class of exceptional sets on the boundary and we proved that a finite
measure v is the trace of a moderate solution if and only if it does not charge ex-
ceptional sets. The class of exceptional sets I' is described by each of the following
two equivalent definitions:
0.2.A. T has the Martin capacity 0, which means that if x(T") # 0, then

[ [ gty = oc.

E r

(Here (dz) = g(c, x)dz, g(z,y) is the Green’s function, ¢ is a reference point and
k(z,y) is the Martin kernel.)

0.2.B. T is R-polar, i.e. it is not hit by the range R of (L, a)-superdiffusion (see
definitions in Sections 1.2 and 1.3).

In the general case that we are studying now, the equivalence of definitions 0.2.A
and 0.2.B is not proved. However we established in [8] that 0.2.B implies 0.2.A. It
is natural to call sets which satisfy 0.2.A weakly exceptional and sets which satisfy
0.2.B strongly exceptional. We proved in [8] that the condition “v does not charge
weakly exceptional sets” is sufficient and the condition “v does not charge strongly
exceptional sets” is necessary for v to be the trace of a moderate solution wu.

0.3. Traces of arbitrary solutions. In Sections 6 and 7 we investigate the traces
(T, v) of arbitrary solutions of (0.1) under the assumption

(N) Qp[Qr(u)] = 0 for all solutions u and all pairs of disjoint closed sets B, T.

In the classical case, (N) holds by Theorem 3.1 in [12]. In Section 8 we establish
more general conditions sufficient for (N). [At present we have no examples when
(N) is false.]

The following two theorem are proved under assumption (N).
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Theorem A. The trace (T,v) of every solution u has the following properties:
0.3.A. v does not charge strongly exceptional sets.
0.3.B. Every nonempty relatively open strongly exceptional subset B of I' contains
explosion points of v.

[We say that ¢ is an explosion point of v if »(U) = oo for every neighborhood U
of ¢]

Theorem B. Suppose that (I',v) satisfies 0.3.B and the following condition:
0.53.A%. v does not charge weakly exceptional sets.
Then (T',v) is the trace of a solution.

0.4. On assumption (N). In Section 8 we introduce the concept of a normal
point at the Martin boundary E’, and we prove that assumption (N) is satisfied if
all points are normal. The definition of a normal point is probabilistic, but we also
give an analytic criterion of normality (the existence of an appropriate barriers).

The general theory is then applied to the case when E is a bounded domain in
R? and L is an elliptic operator in £. We show that (N) holds if:

(a) the coefficients of L are bounded;

(b) the Martin boundary E’ coincides with the boundary OF of E in Euclidean
geometry.

In fact, (a) can be replaced by a weaker condition 8.5.B and, instead of (b), it is
sufficient to assume that one of the following two conditions is satisfied:

(a’) The transition from OF to E’ does not lead to “pasting together” any pair
of points.

(a”) No “pasting” is needed for transition from E’ to OF, and only a finite
number of points of E’ correspond to each point of OF.

[More precisely, put ¢ — bif ¢ € E', b € OF and if there exists a sequence z,, € E
such that z,, — ¢ in the Martin topology and z,, — b in the Euclidean topology.
Condition (a’) means that ¢ < b,¢’ — b implies ¢ = ¢’. Condition (a”) means that
¢ — b,c— b implies b = b’ and, for every b, there exist only a finite number of ¢
such that ¢ — b. ]

One of conditions (a’), (a”) holds in all examples described in [1] to demonstrate
distinctions between two boundaries.

0.5. Probabilistic solution. The solution described in Theorem B is defined by
the formula

(0.2) u(z) = —log P,{RNT =0, e~}

where R is the range of (L, a)-superdiffusion (X, P,) and A, is a continuous linear
additive functional of (X, P,) with spectral measure v (see definitions in Sections
1.2, 1.3 and 4.3). In Section 7 we prove that the solution (0.2) dominates all
solutions with the same trace.

In general many solutions with the same trace can be constructed by applying
formula (0.2) to various Borel sets I' C E’ with the same closure. [An example of
nonuniqueness based on this idea was communicated to us by J.-F. Le Gall.]

0.6. Bibliographical notes. Open problems. A pair (I, v) as a characteristic
of a positive solution of the equation Au = u® first appeared in Le Gall’s paper
[13]. He proved that in the case of the unit disk D in the plane and a = 2,
there is a 1-1 correspondence between all positive solutions and all pairs (T, v),
where T' is a closed subset of 9D and v is a Radon measure on 0D \ T' (in this
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case, there exist no exceptional sets, and therefore conditions 0.3.A, 0.3.A’ and
0.3.B hold automatically). For constructing a solution, Le Gall uses the Brownian
snake — a path-valued Markov process that he discovered, closely related to (A, 2)-
superdiffusion. In [14] he extended the result to arbitrary planar domains of class
C?.

Marcus and Véron have announced in [15] and [16] and proved in [17] and [174a]
results on the equation Au = u® in the unit ball of R? for arbitrary o > 1 and d.
[The name “trace” for a pair (T',v) was first suggested in those publications.] By
purely analytic means, they proved the existence and uniqueness of a solution with
a given trace in the case a < (d+1)/(d—1) (where there exist no exceptional sets).
In the case a > (d +1)/(d — 1), they proved the existence of a solution under a
condition on v which is stronger than 0.3.A*.

The definition of the trace in [13], [14], [15] and [16] is different from ours. It is
based on asymptotic behavior of a solution near the boundary.

The equation Lu = u® for an elliptic operator L in R? and a bounded domain
of class C%* has been investigated in [12]. Necessary and sufficient conditions have
been established for a pair (I',v) to be a trace. (Note that in this case condi-
tions 0.3.A and 0.3.A* are equivalent, and therefore the results in [12] follow from
Theorems A and B.)

An important role was played in [12] by the characterization of Qp(u) as the
maximal solution dominated by u and equal to 0 on OE \ B. (Condition (N) is
a direct implication of this fact.) Such a simple characterization is not available
in the general setting. Among tools which we use to overcome this difficulty is a
stochastic version of the comparison principle (see Theorem 2.1).

Several challenging problems remain open:

A. Do there exist any positive solutions of (0.1) which cannot be represented in
the form (0.2) with a suitable coanalytic set T' and measure v/?

B. Is it true in the general setting that the trace uniquely determines a solution
if there are no exceptional sets on E’?

C. Can the class of weakly exceptional sets be wider than the class of strongly
exceptional sets?
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1. DIFFUSIONS AND SUPERDIFFUSIONS

1.1. Diffusions. A general second order elliptic differential operator with no zero
order terms on a Riemannian manifold E has the form I = A +Y, where A is the
Laplace-Beltrami operator and Y is a first order differential operator (i.e., a vector
field). We denote by m(dz) the measure on E determined by the Riemannian
metric. The L-diffusion is a Markov process £ = (&,I1,) on E with continuous
paths and with the transition function p:(z,y)m(dy) where p:(z,y) satisfies the
following conditions:

1.1.A. For all ¢, z,

/ pr(a yym(dy) < 1.
E
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1.1.B. For all s,t > 0 and all z, 2,
/ ps(@, y)m(dy)pe(y, 2) = pste(w, 2).
E

1.1.C. For every bounded positive function ¢ € C1(E),

w(z) = [E P y) o (y)m(dy)

is a solution of the boundary value problem

%:LU for t > 0,
ot

v—¢ ast|O0.

The existence of a function p¢(x, y) subject to conditions 1.1.A-C has been proved
in [19], and the existence of the corresponding L-diffusion follows from [2].

If L = A, then the corresponding L-diffusion is called the Brownian motion on
E.

Solutions of the equation Ah = 0 are called harmonic functions. We use the
name L-harmonic functions for solutions of the equation Lh = 0. Every positive
L-harmonic function A has a unique representation

(1) ha) = [ ki),

where k is the Martin kernel and v is a finite measure on the Martin boundary E’
concentrated on the minimal part E* of E’. We call v the trace of h.

Recall that the Martin metric d(z,y) in E is defined in terms of k, that the exit
space Eisa compact metric space obtained by completion of E with respect to
d and that E/ = E\ E. We say M-limit, M-closure etc. when referring to the
corresponding topology.

A path & is defined on a random time interval [0, (). The M-limit

(12) - =limé,

exists, a.s., ! and it belongs to E*. Let ¢ be the probability measure on E’ which
appears in the Martin representation (1.1) of the L-harmonic function h = 1. Then
for every positive Borel function ¢ and for all x,

(1.3) M) = / k(z, 9)p(y)o(dy).

[In other words, ¢(y)o(dy) is the trace of h(z) = I p(&—).] More generally, to
every L-harmonic function h there corresponds a measure II" on the path space
such that, for every B C E’,

(1.4) mh{e e B} = /B (e, y)v(dy)

(v is the trace of h). For every stopping time 7 and every positive Borel function
¥,

(1.5) 0 {p(&r) Lrac} = Mo (0h)(&r).

IWriting “a.s.” means IIz-a.s. for all z € E.
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Moreover,

(16) " — / IV (dy),

where ITY is the measure corresponding to the L-harmonic function k(-,y). [The
measure ﬁﬂg is called the h-transform of IL,.]
We assume that the function

g(x,y) = Awpt(zvy)dt

is finite? for all z # y, and we call it Green’s function. Green’s operator acts on
positive Borel functions by the formula

(L.7) Gol) = /E oz, y)o(y)m(dy).

Every domain D in E is a submanifold of E. The L-diffusion on D can be
obtained by killing the path at the first exit time 7 = inf{t : & ¢ D} from D. We
denote by gp and Gp the corresponding Green’s function and Green’s operator.

We write 9D for the boundary of D in the topology of E. We put D = DUJD.

We say that D,, is a standard sequence approzimating D if D,, are open subsets
of D with compact closures D,, and if D,, T D.

1.2. Superdiffusions. This is a mathematical model of a random cloud. The
spatial motion of its infinitesimal parts is described by the L-diffusion £ = (&, 11,),
and the branching mechanism is determined by a parameter o € (1,2]. To every
open set D in E and to every u € M = M(E) 3 there corresponds a random mea-
sure (Xp, P,), called the ezit measure from D. Xp describes the mass distribution
of the cloud instantaneously frozen on E'\ D, and P, is a probability measure cor-
responding to the initial mass distribution p. All P, have the same domain F. For
every positive Borel function f,

(18) P“eXp<—f,XD> = €xXp <—Uaﬂ>,
where

(1.9) u+Ep(u)=Kpf

with

(1.10) Ep(u)(z) = Gp(u®)(z),

(7 is the first exit time of ¢ from D). *
We denote by P, the measure Pj_ corresponding to Dirac’s measure at the point
.
The joint probability distribution of Xp,,...,Xp, is determined by (1.9) and
by the Markov property: for every positive F-p-measurable Y,

(1.12) PAY|Fcp} = Px,Y,

where Fcp is the o-algebra generated by Xp, with D; C D and F-5p is the
o-algebra generated by Xp, with Dy D D.

20therwise g(z,y) = oo for all z,y and (*) has no positive solutions.
3We denote by M(S) the space of all finite measures on a measurable space S.
4The right side in (1.11) means f_r<§ f(&r)dl,.
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The existence of a family (Xp, P,) subject to conditions (1.9) and (1.12) is
proved in [3].
It follows from (1.8)—(1.11) that

(1.13) Pu(f, Xp) =(Kpf,u).

1.3. Range and polar sets. Consider the class C of all closed random sets C'(w)
with the property that every exit measure Xp is concentrated, a.s., on C. There
exists a minimal element of C, and it is defined uniquely up to indistinguishability.
We denote it by R and call it the range of X. A set B C E’ is called R-polar if

(1.14) PARNB=0}=1 for all x € D.
1.4. Markov process (X;, P,). Besides exit measures Xp we also consider ran-

dom measures X; which describe the mass distribution at a fixed time t. For every
positive Borel function f,

(1.15) P exp(—f, Xi) = exp (—v, ),

where

(1.16) vrle) + 10, / v (6) ds = T f(&).
0

Random measures (X3, P,,) form a Markov process in the state space M. This is a
more traditional model of superdiffusion than the model described in Section 1.2.

2. EQUATION Lu = u®. OPERATORS Vp
2.1. Class U(D). We denote by U(D) the class of all positive u such that
(2.1) Lu=u® in D,

and we put U = U(FE). We have:
2.1.A. If u+ Ep(u) is L-harmonic in D, then u € U(D).
2.1.B. For every positive Borel f,
u(z) = —log Pye~{/Xp)

belongs to U(D).
2.1.C. If u, € U(D) converge pointwise on D to u, then u € U(D).
2.1.D. (The mean value property) If u € Y and if D is compact, then
u(x) = —log Pye~“Xp) in D,

2.1.A follows from Theorem 1.3 in [8]. By (1.8)—(1.9), 2.1.B follows from 2.1.A.
Property 2.1.C is proved in [4, Theorem 1.2] and 2.1.D follows from Lemma 1.1 in
[4] or Theorem 2.3 in [7].

2.2. Comparison principle. Let 7 be the first exit time from an open set D.
For every real-valued function f on D, we set

(2.2) fP =limsup f(&) on {r > 0}.
tTr

In particular,

(23) 2 = limsup f(&).
t1¢
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If B C 0D and if f is a continuous function on D U B, then

(2.4) P =f(&) on{& e B,r>0h
Lemma 2.1. Suppose that ¢ is a bounded function on 0D and
(2.5) f(z) =Tp(&r).

Then

I R Ut
If p >0 and

(2.7) f=Gpp<oo onD,

then

(2.8) fP=0 as on{r>0}.

Proof. If f is given by (2.5), then f(&:ar) is a bounded continuous martingale, and
therefore ltle f(&) exists a.s. Clearly, it is equal to fP. Let 7, be the first exit

times from a standard sequence D,, approximating D. Then, a.s. on {0 < 7 < (},
7, < 7 and 7, — 7. Therefore f¥ =lim f(&,,). On the other hand,

(2.9) f(&r.) = a{p(&)Fr } — (&) as. on {0 <7 <(}
because {; is measurable with respect to \/ F¢ . Besides,
(2.10) e, {7 < ¢} =1L {r <(|F:,} =0 as. on{r=(}

Formula (2.6) follows from (2.9) and (2.10). If f is given by (2.7), then f(&,a¢) is
a positive supermartingale and

; 11.111 ; (é‘t) h. & / )‘(65)[ S.
T T 0
Formula (2.8) fOHOWS fI‘OHl lhe I'elalion

IL, 1T / w(&s)ds = Hw/ ©(&)ds — 0 as. on{0< T}
0 .

n

Lemma 2.2. Suppose that u € C?(D) is bounded above and

(2.11) Lu>0 onD.
If
(2.12) uP <0 Tl,-as.

for allz € D, then u <0 in D.

Proof. Let D, be a standard sequence approximating D and let 7,, be the first exit
time from D,,. By Ito’s formula,

Mtzu(ngAt)—/O " Lu(e))ds

is a martingale relative to all measures II,. Therefore I, M; = I, My = u(x),
and (2.11) implies T u(&;, At) > u(x). Since 7, T 7 a.s., Fatou’s lemma implies
I, u(é-n¢) > u(z). By applying Fatou’s lemma once more, we conclude that IT,u” >
u(z) and v <0 by (2.12). O
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Theorem 2.1 (Comparison principle). Suppose u,v € C?(D) satisfy the following
conditions:

(2.13) Lu—u® < Lv—v* inD,
v —u is bounded above and

(2.14) (v—u)? <0 T,-a.s.
forallz e D. Thenv <wu in D.

Proof. Put w = v — u. Suppose D = {w > 0} is nonempty. Note that Lw =
Lv—Lu>v*—u®>0on D. Let 7 and 7 be the first exit times from D and D.
By (2.4), w? = w(&) = 0 a.s. on {7 < 7}. By (2.14), w?” =0 as. on {7 = 7}.
It follows from Lemma 2.2 (applied to f?) that w < 0 on D, which contradicts the
definition of D. O

2.3. Operators Vp. With every open set D we associate an operator which acts
on positive Borel functions on E by the formula

(2.15) Vo (f)(z) = —log Pye~{/Xp),

By 2.1.B, Vp(f) € U(D). If = ¢ D, then P,{Xp = d,} = 1, and therefore
Vp(f)=f on E\ D. It follows from (1.8)—(1.9) that

(2.16) Vb(f) < Kpf.

The following properties of the operators Vp are proved in [12, Section 2.2]:
2.3.A. VD(fl) S VD(fQ) for fl S fQ.

2.3.B. If D; C Dy, then Vp,Vp, = Vp, = Vp,Vp,.

2.3.C. For every f1, fo,

Vo(fi+ f2) < Vp(f1) + Vb(f2).
2.3.D. For every Dy, D,

VD10D2(f) < VDl(f) + VD2(f) in Dy N Ds.
2.4. Action of Vp on solutions.

Theorem 2.2. Ifu € U, then

(2.17) Vb (u) <.
If D1 C Dy, then
(2.18) Vb, (u) < Vp, (u)

Proof. Put ugp = ulpg. First, we prove that, for every compact set B C 9D, the
function w = Vp(up) has the properties

p_ Jus(&) a.s. on {0 <7 < (},
(2.19) v {0 a.s. on {1 = (}.
and
(2.20) w < u.

By (1.8)—(1.9), we have
(2.21) w+Ep(w)=h inD
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with h(z) = II,up(¢;). By Lemma 2.1,

WD _ up(&r) a.s. on {0 < 7 <},
1o a.s. on {1 =(};

[Ep(w)]” =0 as. on {r >0}

and (2.21) implies (2.19). By (2.4) and (2.19), u” = u(&,) > uP (&) = wP as. on
{0<7<¢}and uP >0=wP as. on {r =(}. Hence, (w—u)? <0 as.

Since w is bounded and Lu — u®* = Lw — w® = 0 in D, (2.20) follows from
Theorem 2.1.

Consider compact sets B, such that B,, T 9D, and let w, = Vp(up, ). Clearly,
wy, T Vp(u), and (2.20) implies (2.17).

If D1 C Dy, then, by 2.3.B, (2.17) and 2.3.A, Vp, (u) = Vp, Vp, (u) < Vp, (v). O

Remark. For every ¢ > 0,
(2.22) Vb(cu) < (e V 1)u.
If ¢ < 1, this follows from 2.3.A. If ¢ > 1, then L(cu) — (cu)® < 0, and we get (2.22)
by the arguments used in proof of (2.17) with w = Vp(cup).
3. PROBABILISTIC REPRESENTATION OF SOLUTIONS

3.1. Stochastic boundary value of a solution u. Denote by O the class of all
open sets D in E such that D is compact. Recall that according to Section 1.2,
F>p stands for the o-algebra generated by X with D > D. We use the name the
germ o-algebra of X on the Martin boundary for the intersection F(E’) of F-p
over all D € O. Note that

(3.1) F(E) =()F-b.

for every standard sequence D,, approximating F.

Theorem 3.1. For every u € U, there exists a F(E')-measurable function Z > 0
such that

(3.2) lim(u,Xp,) =2 Py-a.s.

for every standard sequence D,, approximating E and every p € M. For allp € M,
(3.3) Pe=% = =W,

In particular,

(3.4) u(z) = —log Pye % forall z € E.

Proof. Suppose that D, is a standard sequence approximating E and put Y, =
e~ (wXpn) By (1.12), (1.8), (2.15) and (2.17),

pﬂ{yn+1|_7:ch} _ PXDn Y41 = e_<VDn+1(u)7XDn> >Y,.

Hence (Y., Fcp,,P,.) is a bounded submartingale, which implies the existence,
P,-as., of lim (u, Xp,).

Fix a standard sequence DY approximating E and put Z = limsup(u, X po). If
D,, is an arbitrary standard sequence, then there exist ny < ny < --- such that

(3.5) DY C Dy, CD) CDp, C- .
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There exists, P,-a.s., a limit of (u, Xp) along the standard sequence (3.5). It
coincides, P,-a.s., with the limit along D,, and the limit along DY, which proves

(3.2). Formula (3.3) follows from (3.2) and the dominated convergence theorem. O

We call Z defined in Theorem 3.1 the stochastic boundary value of u. (If two
functions Z; and Z, satisfy this definition, then Z; = Z3 P,-a.s. for all 4 € M.)
The function u defined by formula (3.4) is called the log-potential of Z. Theorem
3.1 can be restated as follows:

Theorem 3.1 bis. For every u € U, there exists a stochastic boundary value Z.
The log-potential of Z is equal to u.

3.2. Total classes of measures. We say that a subset M* of a set M is total if:

3.2.A. If p € M* and if i < p, then i € M*.

3.2.B. For every u € M* and for an arbitrary D € O, P,{Xp € M*} = 1.

3.2.C. M* contains all Dirac’s measures 6.,z € F.

Clearly, the intersection of any countable family of total sets is a total set.

To an arbitrary L-harmonic function h there corresponds a total set M*(h) =
{p e M: (h,u) <oo)}. The class M%(h) = (h+E(h), u) < oo satisfies 3.2.A, B. If
E(h)(z) < oo for some z, then E(h)(z) < oo for all = (this follows from Harnack’s
inequality). Hence, M§(h) satisfies 3.2.C and is a total class.

One more example of a total set: put p € Mg if p € M and if u(E\ D) =0 for
some D € O. Clearly, M satisfies 3.2.A and C. By [5, 1.9.A], it satisfies 3.2.B.

Two functions Z; and Zs are called M*-equivalent if P,{Z1 # Z5} = 0 for all
uwe M*.

3.3. Class 3(M*). Let M* be a total set. Denote by F(E’, M*) the completion
of F(E") with respect to all P,,u € M*. The class 3(M™*) consists of all positive
F(E', M*)-measurable functions Z subject to the conditions:

CB(M*). ® For every u € M*,

(3.6) ~log P,e % = /[—log Poe”?|p(dz).

and
FIN. For all z € E, P,{Z < 00} > 0.
We use the shorter notation 3 for 3(M).

Theorem 3.2. A stochastic boundary value Z of any u € U belongs to 3. Let
Z € 3(M*). Then the log-potential u of Z belongs to U, and Z is M*-equivalent
to a stochastic boundary value of u.

Proof. 1°. The stochastic boundary value is F(E’)-measurable. Property CB(M)
follows from (3.3) and (3.4). Since u(z) < oo for all z € E, (3.4) implies FIN.

2°. Let u be the log-potential of Z € 3(M™*). By FIN, u < co. Suppose yu € M*.
By the Markov property (1.12),

(3.7) Pie ?|Fcp} = Pxpe™?  Pyas.
for every D € O. Then, by CB(M?*) and 3.2.B,
(3.8) Px,e Z =e (wXp) P _as.

5CB stands for “continuous branching”.



4532 E. B. DYNKIN AND S. E. KUZNETSOV

Let D,, be a standard sequence approximating F. All exit measures Xp, D € O,
are measurable relative to the o-algebra \/, Fcp, . Therefore Z is also measurable
with respect to this o-algebra and, by (3.1), (3.7) and (3.8),

e ? =limP,{e”?|Fcp, } = lim e~ wXon)  Plas.,
which implies
(3.9) lim (u,Xp,) =2 P,-as.
It follows from (3.4) and (3.9) that
u(z) = limu,(x),
where
unp = Vp, (u) € U(Dy).

By 2.1.C, u € U. By (3.9), Z is M*-equivalent to a stochastic boundary value of u
determined by (3.2). O

It follows from Theorem 3.2 that, for every Z € 3(M*), there exists an M*-
equivalent function 7 €3.

We denote by 3(M?*) the set obtained from 3(M*) by identifying M*-equivalent
functions. Theorem 3.2 implies:

Theorem 3.2 bis. Formula (3.4) defines a 1-1 mapping from 3(M*) ontoU. The
inverse mapping is given by (3.9).

3.4. Properties of log-potential.

Lemma 3.1. Suppose Z1,Zs € 3(M™*) and let uy,us,u be the log-potentials of
Z1,Zy and Z = Z1 + Zy. Then

(3.10) u < up + usg.

Proof. Proposition 2.3.C and Theorem 2.2 imply that if uy,us € U, then, for every
D,

(3.11) Vo (w1 + u2) < ui + uo.

Let z € E. By (3.2),

(3.12) Z =lim (u1 +u2,Xp,) P-as.

By (3.12), (2.15) and by the dominated convergence theorem,

(3.13) u(z) =lim Vp, (u1 + uz)(x).

Formula (3.10) follows from (3.11) and (3.13). O

Theorem 3.3. If M* C Mg, then 3(M*) is a convex cone. The log-potential is
a subadditive function on this cone.

Proof. Suppose Z1,Z5 € 3(M*) and let Z = ¢1Z;1 + coZ5, where ¢, ¢o are positive
constants. Denote by w1, us,u the log-potentials of Zy, 75, Z. Let u € M*. It
follows from (3.2) that

(3.14) Z =lim (c1u1 + coug, Xp,) Py-as.,
which implies

(3.15) —log Pe”? =lim (Vp, (c1uy + cauz), ).
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Formula (3.15) applied to 4, yields

(3.16) —log Pre Z =lim Vp, (cru; + coug)(z).
It follows from 2.3.C and (2.22) that
(3.17) Vb, (crur + CQUQ) <(aV 1)’LL1 + (c2 Vv 1)u2.

Since p € M* C M, the right side in (3.17) is finite and, by the dominated
convergence theorem,

(3.18) /hm Vb, (crug + cous)(x)p(dx) <lim(Vp, (c1u1 + caug), p).

By (3.15), (3.16), (3.18) and (3.17), condition CB(M?*) holds for Z. By (3.16)
and (3.17), Z satisfies FIN. Hence Z € 3(M*). By (3.10), u is a subadditive
function. 0

Theorem 3.4. Let M, be total classes and let M* be the intersection of the M.
Suppose Z, € 3(M}) and Z, 1 Z P,-a.s. for all p € M*. Then Z € 3(M*), and
the log-potential w,, of Z, converges to the log-potential u of Z.

Proof. Clearly, Z € F(E', M*). If p € M*, then (3.6) holds for all Z, and, by the
monotone convergence theorem and the dominated convergence theorem, it holds
for Z. By the dominated convergence theorem, wu, T u. By Theorem 3.2, u,, € U
and, by 2.1.C, u € U. Since u < oo, Z satisfies FIN. O

4. SOLUTIONS DETERMINED BY CONTINUOUS LINEAR ADDITIVE FUNCTIONALS.
(T, ¥)-SOLUTIONS

4.1. Continuous linear additive functionals. Let (X;, P,) be a superdiffusion
in F and let M* be a total subset of M. Denote by F the g-algebra generated by
X, 8 < 00, and by F; the o-algebra generated by X, s < ¢. A function A(w) from
[0, 00] X 2 to [0, 00] is called a continuous additive functional of X with determining
set M* if:

4.1.A. Ay =0.

4.1.B. For every t and every p, A; is measurable with respect to the P,-comple-
tion of F; it is also measurable with respect to P,-completion of F; if u € M*.

41.C. Agyy = A+ 0,A; Py-as. for all p € M* and all pairs s,t. (Here 6, are
the shift operators for X.)

4.1.D. A is continuous in ¢ for P,-almost all w for every u € M™.

If the A™ are continuous additive functionals with determining sets M}, then
Ay = Al + .-+ AP + ... is a continuous additive functional with determining set
OM:.

Let A and A be continuous additive functionals with determining sets M* and
M*. We say that functionals A and A are equivalent and we write A ~ A if
P{A; = A} = 1 for all t and all p € M* N M*. We say that A and A are
indistinguishable if, in addition, M* = M*.

We call

(4.1) h(z) = P, Ay
the potential and
(4.2) u(z) = — log Pye= "=
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the log-potential of A. [In the terminology of Section 3.1, u is the log-potential of
Ax]
We say that a continuous additive functional A is linear if

(4.3) PuAw = (hop)
and
(4.4) PemAw = e~ (um

for all p in determining set M*. [Formula (4.4) means that A satisfies CB(M™).]

Suppose that the potential h of a continuous linear additive (CLA) functional
A is an L-harmonic function h. It follows from Theorem 1.2 in [10] that the log-
potential u of A satisfies equation

(4.5) u+Ew)=h inE,

where E(u) = Ep(u) = G(u®) (cf. (1.10)). Moreover, by Theorem 2.1 in [9], u is
the unique solution of (4.5). By 2.1.A, u € U.

4.2. Classes H* and H**. Denote by H* the class of all positive L-harmonic
functions h such that equation (4.5) has a positive solution w. Put h € H** if
h € H* and if £(h)(z) < oo for some z (which implies that £(h)(z) < oo for all
x). Tt follows from [8, Theorem 3.1 and proof of Theorem 2.2] (cf. [10, 4.1.B]) that
every h € H* can be represented in the form

(4.6) h=hi+---+h,+... with h, € H™.
Theorems 1.7, 1.1, 1.3 in [11] imply

Theorem 4.1. If h € H**, then there exists a unique (up to indistinguishability)
CLA functional A of X with potential h and determining set Mg(h). The log-
potential u of A is a unique solution of equation (4.5).

Remark. If A™ are CLA functionals corresponding to h, € H** by Theorem 4.1
andif h=h1+---+h,+--- € H*, then A' + .-+ A® + ... is equivalent to the
CLA functional corresponding to h.

4.3. Continuous linear additive functional with spectral measure v. De-
note by A* the set of all measures v on E’ such that Kv € H*. Analogously,
v e N** if Kv e H**. Put v € N if there exist v, € N** such that

(4.7) v=uv1+- v +....
By (4.6), N D N*.
Remark 1. Clearly, every v € N is X-finite.

Remark 2. If v™ € N** and v™ T v € N**, then, by the Remark to Theorem 4.1,
lim A¥» ~ A”.

Theorem 4.2. It is possible to define for every v € N a CLA functional AY of X
with determining set M*(v) in such a way that:
4.8 A . Ifv=vi+---4v,+..., then AV is equivalent to A¥* +--- 4+ A" .. ..
4.3.B. If v € N** and if h = Kv, then AY is indistinguishable from the CLA
functional corresponding to h = Kv by Theorem 4.1.
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Proof. 1°. We use Theorem 4.1 to define A" for v € N'**, and we define A” as the
sum of the A" if v is defined by (4.7). To justify this definition, we prove that, if
v=>v =Y 1, then Y A% ~ > A%. Indeed, since the measure v is Y-finite,
there exists a finite measure p such that v(dz) = p(x)u(dz) for a positive function
p. Put

vV =v 4+ U, Pt =0 4 Dy

By the Radon-Nikodym theorem, v™(dz) = p™(z)u(dz), v™(dx) = p"™(x)p(dx)
with lim p™ = lim p" = p p-a.e. The measures v™"(dx) = [p"(x) A p" (z)]u(dz) be-
long to N**. The corresponding functionals A" = A*™" are monotone increasing
in m,n, and therefore

(4.8) limlim A™" = sup A™" = lim lim A™".

m n m,n n m

Since ™ 1 v™ as n — oo, we have lim,, A™" ~ A"" by Remark 2. Clearly,
A"~ AY 4 oo 4 AYm ) and therefore the left side in (4.8) is equal to > A:.
Analogously, the right side is equal to ) Avi,

2°. Properties 4.3.A and B hold for v € N** by Theorem 4.1, and they can be
obtained for ¥ € A/ by a passage to the limit. O

We call AY the CLA functional with spectral measure v. If v has the form (4.7),
then (Y ME%(vy,) is a determining set of A”.
A necessary condition for a measure v to belong to N is given by

Theorem 4.3. No measures v € N charge R-polar sets.

Proof. For finite measures v, this follows from [8, Theorem 3.1]. An extension to
arbitrary v € N is obvious because all v € A/ are Y-finite. O

Theorem 4.4. If A” is a CLA functional with the spectral measure v and if M*
is the determining set of AY, then AY_ is an element of class 3(M*), and the
log-potential of A belongs to U.

Proof. By Theorem 3.4, it is sufficient to consider v € N**. Let h and u be the
potential and the log-potential of A”, and let u € M*. By Lemma 5.2 in [10],
AY_ is measurable with respect to the P,-completion of F5p for every D € O and
it is measurable with respect to the P,-completion of (| F5p, for every standard
sequence D,, approximating E. By Theorem 1.2 in [10], v € &. By (1.12) and (4.4),
P,-as.,
PN{G—AZOU:C[)H} = Px,, e~ A% = e~(wXby)

and therefore

e—A” —lim(u,Xp,,)

o = e

By comparing this formula with (3.2), we note that A% is M*-equivalent to a
stochastic boundary value of u. It belongs to 3(M*) by Theorem 3.2. O

4.5. (I',v)-solutions. For every closed set I' C E’ and every v € N we set
(4.9) u(z) = —log P,{RNT =0, e_AZO}.

We prove that u € U, and we call u the (T, v)-solution.
We need
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Lemma 4.1. Let
(4.10) U, ={z:d(x,T) >1/n}.
Then, for every p € M,
(4.11) {Xv, =0} 1{RNT =0} P,-as.
Proof. 1t follows from (1.12) that, P,-a.s.,

{Xv, =0} c {Xy,,, =0}
By [3, Lemma 2.1],

{RCU,1} C{Xy, =0} C{RCU,} P,as.

Clearly, this implies (4.11). |

Theorem 4.5. If T is a closed subset of E', then

(4.12) Z(T) =

0 if RNAT =0,
oo if RNT#Q

belongs to class 3(M).
If AV is a CLA functional with spectral measure v and determining set M*, then

(4.13) Z=27ZT)+ AL
belongs to 3(M7), where M7 = MgN M*.

Proof. For every D € O, there exists m such that U,, D D for all m > n. By (4.11),
Z(T') € F(E', M). Condition FIN holds for Z(T'), because P,{RNE’ =0} > 0 for
every x by [4, Theorem 2.1]. Condition CB(M) holds for Z, = 0 if Xy, = 0 and
Z, = oo otherwise by [5, I1.4.6]. Condition CB(M§) for Z(T") follows from (4.11)
and the dominated convergence theorem.

The second statement of Theorem 4.5 is an implication of the first statement
and Theorem 3.3. O

5. TRACE OF SOLUTIONS

5.1. Moderate solutions. We say that u € U is a moderate solution if it is
dominated by an L-harmonic function. It follows from Theorem 1.3 in [8] and
2.1.A that:

5.1.A. If u is a moderate solution, then h = u + £(u) is the minimal L-harmonic
majorant of u and u is the maximal solution dominated by h.

The trace of a moderate solution w is defined as the trace of the L-harmonic
function h = u + £(u). By [8, Theorem 3.1],

5.1.B. If v is the trace of a moderate solution u, then v(B) = 0 for all R-polar
sets B.

5.1.C. The log-potential u of Z € 3(M™*) is a moderate solution if and only if

(5.1) h(z) = P.Z < o0 for all z € E.

If u is moderate, then its minimal L-harmonic majorant is given by (5.1).
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Proof. For every D € O, by (1.12) and (1.13),

h(z) = P.Px,Z = P, (h, Xp) = I,h(&;),
where 7 is the first exit time from D. Therefore, if h < oo, then h is L-harmonic.
By Jensen’s inequality, Pye=? > e (*) and therefore v < h. Hence (5.1) implies
that u is moderate.

Let D,, be a standard sequence approximating F and let 7,, be the first exit time
from D,,. It follows from (3.2) and Fatou’s lemma that

h(z) <lim Py {u, Xp,).
If u is moderate and if it is dominated by an L-harmonic function h, then
Po(u,Xp,) < Po(h, Xp,) = T,h(&r,) < h().
Hence h < oo and it is the minimal L-harmonic majorant of u. O

Recall that, according to Section 4.2, H* is the set of all L-harmonic functions
h of the form h = u + £(u) with positive u.

5.1.D. The class H* is a convex cone, and it contains with every h all positive
L-harmonic functions dominated by h.

Proof. By Lemma 1.2 in [8], to every L-harmonic function h there corresponds a
function Zj such that

Zy =lim(h, Xp,) a.s.
for every standard sequence D,, approximating F. Moreover,
(5.2) P, Z;, < h(x).

By Theorem 1.5 in [8], (5.2) holds with the equality sign for h € H*. Lemma 5.3
in [10] in combination with Theorem 4.2 in [8] yields that, if (5.2) holds with the
equality sign for an L-harmonic h, then h € H*. If this condition holds for hq, hs,
then it holds for ¢1h1 + coho with positive constants ¢y, co.

If hq,ho are L-harmonic and if h = hy + hy € H*, then P, Z), = h(x), PpZp, <
hi(x) and P,Zp, < he(x). Since Z; = Zn, + Zp,, we get PpZp, = hi(x) and
therefore h, € H*. O

Remark. Tt follows from 5.1.D and Minkowski’s inequality that the class H** is a
cone with the same properties as H*.

Theorem 5.1. Let v € N. The following three conditions are equivalent:
(i) v is finite;
(ii) the potential h of A" is finite;
(iii) the log-potential u of AY is a moderate solution.

Proof. The equivalence of (i) and (ii) is an implication of the relation

W) = PAZ = / (e, y)u(dy),

which follows from 4.3.B if v € N** and which can be obtained by a monotone
passage to the limit for an arbitrary v € N'. The equivalence of (ii) and (iii) follows
from 5.1.C.

For every closed subset B of the Martin boundary E’, we denote by O(B) the
class of all open subsets D of E such that the M-closure of D is disjoint from B.
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Theorem 5.2 (Extended mean value property). Let u be a moderate solution with
trace v. If v is concentrated on a closed subset B of E', then

(5.3) u(x) = —log Pre™“XP) in D
for every D € O(B).
The proof is based on

Lemma 5.1. Suppose D,, = D,, N D, where D,, is a standard sequence approzi-
mating E and D € O(B). If u € U is dominated by

(5.4) hp(x) = /Blc(gc,y)l/(dy)7
then, for every pu € M,
(5.5) Py (ulp,Xp ) — 0.

Proof. Let 7 and 7,, be the first exit times from D and from D,,. By (1.13) and
(1.5),

PM<U1D7XDM> = HM(U1D)(€TM) < Hu(hBlD)(frm) = HZB{ng € D}.

Denote by C the intersection of E’ with the M-closure of D. Note that C is
disjoint from B and {&.,, € D} | {r = (,§~ € C}. By (1.4),

Mo (¢, € D} — T {r = (.6 € C} < /CﬂB (@, y)v(dy) = 0.

|

Proof of Theorem 5.2. Let D,, and D,, be the sets introduced in Lemma 5.1. By
the mean value property 2.1.D,

(5.6) u(x) = —log Pye™“X0u) in D,,.

Note that 8D,, = B, U Cyp, where B, = 0D, N oD, and C,, = dD,, N D and
therefore, for every x € D,,,
(u,Xp )= (ulp,,Xp )+ {ulc,,Xp )= (u,Xp)+(ulp,Xp ) Pi-as.,

where X, is the restriction of X5 to dD. By Lemma 5.1, the second term tends
to 0 in P,-probability as m — oo. Formula (5.3) will follow from (5.6) if we prove
that, for every x € D,

(5.7) lim{u, X)) = (u, Xp) Py-a.s.

By Lemma 3.1 of [9], X,, < X,n41 < Xp Py-a.s., and therefore
(5.8) Xn 1 X*<Xp Pas.
By (1.13),

P.(1,X,,) =11,{&.,, € 0D},
P,(1,Xp) =11,{& € 9D},

where 7,,, 7 are the first exit moments from D,,, D. Since {¢,, € dD} 1 {&, € dD},
(5.8) implies that X* = Xp P,-a.s. O
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5.2. Operators Qp. To extend the definition of the trace to all u € U, we
construct a family of operators Qp : U — U.

Let P be a partially ordered set. We say that a sequence p,, € P supports P if
pL < p2 < -+ <pp =< ... and if, for every p € P, there exists N such that p < p,
for all n > N. If ¢ is a positive monotone increasing function on P, then, for every
sequence {p,} supporting P, the limit lim ¢(p,,) exists and does not depend on the
choice of {p,}. We call it the limit of ¢ along P.

The set O(B) introduced in Section 5.1 is a partially ordered set relative to
the inclusion. By Theorem 2.2, for every u € U and every x € E, Vp(u)(z) is a
monotone decreasing function on O(B), and therefore there exists a pointwise limit
of Vp(u) along O(B). We denote it Qp(u).

For every closed set B C E’' and for every € > 0 we put

(5.9) D(B,e) ={zx € E:d(z,B) > ¢c}.
If £, | 0, then D(B,¢,) supports O(B). Clearly,
(5.10) QB(U) = EII_I% VD(B@) (u)

Note that a sequence D,, supports O(FE’) if and only if it is a standard sequence
approximating FE.

Property 2.1.C implies that Qp(u) € U. Operators @ g have the following prop-
erties:

5.2.A. Qp(u1) < Qp(uz) for up < up.

5.2.B. Qp(u) < u.

52.C. If By D By, then QBl (u) > Q32 (u)

5.2.D. For every By, B2, Qp,us,(u) <@g, (u)+ Qp,(u).

5.2.E. QE/(U) = u.

5.2.F. If u < uy 4 ug, then Qp(u) < Qp(ur) + Qp(ug).

Property 5.2.A follows from 2.3.A; 5.2.B follows from (2.17); 5.2.C follows from
(2.18); 5.2.D is an implication of 2.3.D and the relation D(By U Bs,¢) = D(By,g)N
D(Bz,¢). 5.2.E holds because, by 2.1.D, Vp(gr oy(u) = u for all e. Finally, 5.2.F
follows from 2.3.C and 2.3.A.

5.2.G. For every moderate solution u, the trace of ug = Qp(u) is concentrated
on B.

Proof. If v is the trace of u, then u is dominated by & defined by (1.1). Let hp be
given by (5.4). By (1.4) and (1.5),

(511)  hp(e) =IG{&- € B} = im I3{r. < ¢} = im ILA(¢..),
E— E—
where 7, is the first exit time from D(B,¢). By (2.16),
(5.12) VD(B,s)(u)(x) < TLu(ér,) < Hwh(&n)
By (5.10), (5.11) and (5.12), up < hp. Hence the trace of up is concentrated on
B. O

5.2.H. If w is a moderate solution with the trace concentrated on B, then

(5.13) Qpu) = u.
This follows from Theorem 5.2 and (5.10).

521 If Qp(u) is moderate and if B C By, then Qp,[Qp(u)] = Qpu) =
QB[@ B, (u)].
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Indeed, by 5.2.G, the trace of Qp(u) is concentrated on B and the first part of
5.2.1 follows from 5.2.H. In particular, Qg[Qp(u)] = Qp(u). On the other hand,

by 5.2.C and 5.2.A, @p[Qn, ()] 2 QB(Qs(uv)] = @p(u) and Qp[Qs, (u)] < @p(v)
by 5.2.B and 5.2.A.

5.3. Stochastic boundary value on B. The following result can be proved by
the same arguments as Theorem 3.1:

Theorem 5.3. For every u € U and every closed subset B of E’', there exists a
function Zpg such that

(5.14) lim(u, Xp,) =Zp Py,-a.s.

for every sequence D,, supporting O(B) and every u € M. For all u € M,
(5.15) pﬂe—ZB = ¢~ (Q@p (W)

In particular,

(5.16) Qp(u)(x) = —log Pye 7.

Corollary. For every p € M and every B,

(5.17) {RNB=0}Cc{Zg =0} P,-as.

If B is R-polar, then Qp(u) = 0.

Indeed, (5.17) follows from (5.14) and Lemma 4.1. If B is R-polar, then Zp = 0
Py-a.s., and Qp(u) = 0 by (5.16).
We call Zp a stochastic boundary value of the solution u on set B.

5.4. Expression of Zp in terms of @p.

Theorem 5.4. Suppose that up = Qp(u) is a moderate solution. Then, for every
standard sequence D,, approximating E and every p € M,

(5.18) Zp =lim(up,Xp,) Py-a.s.
Proof. 1°. By Theorem 5.3, there exist functions Zp, Zp and Zp such that
(5.19) Zp =lim(u, Xp ) Pu-as,

(5.20) Zp =lim(up,Xp ) Pyas.

for every D,, supporting O(B) and every p, and

(5.21) Zp =lim{ug, Xp,) P.-as.

for every standard sequence D,, approximating F and every u. Moreover,
(5.22) Pue %8 = P %8 = P78 = ¢~ {unm)

since Qp(up) = up by 5.2.1.
Formula (5.18) will follow from (5.22) if we show that Zp < Zp < Zp P,-a.s.
The second inequality follows from 5.2.B. It remains to prove that

(5.23) Zp < Zp P,as.
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2°. Consider D,,,, = D,, N D,,, where D,, supports O(E') and D,, supports
O(B). By Lemma 5.1, P,(uplp ,Xp,,,) — 0 as m — oo, and therefore there
exists a monotone increasing sequence m,, — oo such that

(5.24) Pu(uply ,Xp,,,.) < 1/n.

The sequence DY = D, , supports O(E’). ) )
Note that 0D} = B,, U C,, where B, = 0D} N9dD,, and C,, = 0D} N D,. By
[9, Lemma 3.1], Xp: < X on By, and therefore

(uB,XD:J < <uBan7Xf)n> + <uBlCnaXD;*l> < <quXDn> + <uBlf)n7XDf§>'
By (5.21), (5.20) and (5.24), this implies (5.18). |
It follows from Theorem 5.3 and 5.2.C, D that:

5.4.A.If By D By, then Zp, > Zp, P,-a.s. for all p € M.
5.4.B. For every By, B2, Zp,uB, < Zp, + ZB, P,-a.s. for all p € M.

5.5. Trace of Qp(u).

Lemma 5.2. If u is a moderate solution, then, for every B, up = Qp(u) is also
moderate and the trace of up is the restriction of the trace of u to B. If the trace
of u does not charge B, then ug = 0.

Proof. Consider the minimal L-harmonic majorant

hw) = |kl y)iay)

of v and the minimal L-harmonic majorant h; of up. By 5.2.G, up is dominated
by hp given by (5.4), and therefore

(5.25) hy < hp.
By 5.2.B, there exists @ such that @ + £(@) = hp. The trace of @ is concentrated

on B and, by (5.13), i = Qp(it) = @. Hence hp = tp + E(ip) = hp. By 5.1.A,
4 < u because hg < h. By 5.2.A, i < up and therefore

(5.26) hp =hp < hj.
By (5.25) and (5.26), b’y = hp. |
5.6. Properties of wr. For every closed subset I" of E' we put
(5.27) wr(z) = —log P,{RNT = 0}.
5.6.A. We have
(5.28) Qr(wr) = wr.
Proof. By Theorem 8.2 in [5], for every measure p with support disjoint from T',
(5.29) PARNT =} = e~ (wrn),

Let D,, be a supporting sequence of O(T'). By the definition of Qr, (2.15) and
(5.29),

Qr(wr) = —limlog P, Px,, {RNT = 0}.
By (4.11), {RNT = 0} belongs to the P,-completion of F~p_; and, by (1.12),
P,Px, {RNT =0} = P,{RNT =0} = e~ r(®). O
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5.6.B. If wr is a moderate solution, then I' is R-polar.

Indeed, wr is the log-potential of Z(T') given by (4.12). By 5.1.C, h(z) =
P,Z(T") < oo, which implies 5.6.B.

5.6.C. For every u € U and every closed B C T,

(5.30) QRp(u) < wr.
Indeed, by (5.16) and (5.17),
(5.31)  Qr(u)(z) = —log Pee™?r < —log P,{Zr =0} < —log P,{RNT = 0}.

(5.30) follows from (5.31) by 5.2.C.
5.6.D. If the spectral measure v of a CLA A is concentrated on I' and if u is the
log-potential of A, then

(5.32) u=Qr(u) < wr.

Proof. Note that, if u, = Qr(u,) and if u, T u, then Qr(u) = u by 5.2.A and
5.2.B. Therefore it is sufficient to prove (5.32) for v € A**. By Theorem 5.1, in
this case u is moderate. By Lemma 5.2, ur = Qr(u) is a moderate solution with
the same trace as u, and therefore ur = u. The second part of (5.32) follows from
5.6.A. O

5.6.E. If v is a finite measure concentrated on I" and if u is the log-potential of
AY, then AY_ is M*-equivalent to the stochastic boundary value Zr of w on I'.

Indeed, let p € M* and let D,, be a standard sequence approximating E. By
Theorems 4.4 and 3.2,

(5.33) A% =lim(u,Xp,) P,-as.
By Theorem 5.3,
(5.34) Zr =lim (ur, Xp,) Pu-as.,

and P,{AY, = Zr} =1 by 5.6.D.

5.7. General definition of the trace. Fix a solution u. We say that a compact
set B C E' is moderate for u if the solution up = Qp(u) is moderate. Let vp
stand for the trace of up. By 5.2.D, the union of two moderate sets is moderate.
Suppose that B is moderate, and let B C B. By Lemma 5.2, B is moderate. By
5.2.1, QpQz(u) = Qz(u), and, by Lemma 5.2, v is the restriction of vp to B.

A relatively open subset A of E’ is called moderate if all compact subsets of A
are moderate. The union O of all moderate open sets is moderate. Clearly, there
exists a unique measure v on O such that its restriction to an arbitrary compact
subset B coincides with vp. This measure is a Radon measure on O (that is, it is
finite on all compact subsets). By 5.1.B, v(B) = 0 for all R-polar sets B. We call
closed set I' = E’ \ O the singular set of the solution u, and we call the pair (T', v)
the trace of u on E'.

6. TRACE OF (T',v)-SOLUTIONS

6.1. Normal pairs. According to the definition in Section 5.7, the trace of every
u € U is a pair (I', v) with the following properties:

6.1.A. T is a closed subset of E'.

6.1.B. v is a Radon measure on O = E'\T.

6.1.C. v does not charge R-polar sets.
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We say that x is an explosion point of a measure v if v(U) = oo for every
neighborhood U of x. If no explosion point belongs to a compact set B, then
v(B) < co. Condition 6.1.B is equivalent to:

6.1.B’. O contains no explosion points of v.

For every (T, v) subject to conditions 6.1.A,B,C, we denote by L(T',v) the class
of all R-polar relatively open subsets of I' which contain no explosion points of v.
Note that if A =T\Ty € L(T,v), then {RNT =0} = {RNTy =0} P-as. for
all x € E, and therefore a (I', v)-solution is at the same time a (I'g, v)-solution. We
say that (T',v) is a normal pair if the empty set is the only element of L(T,v).

Theorem 6.1. Every (T, v)-solution u is also a (T'g, v)-solution with a normal pair
(FQ, I/) .

Proof. The union of an arbitrary family of R-polar sets relatively open in I' is R-
polar. Therefore the union Ag of all A € L(T',v) belongs to L(T',v) and u is a
(FO, I/)—solution. Put F() =TI \ A(). Let A1 S E(FO, V). Then Fl = FO \ A1 is closed
and A* = T'\I'1 = Ag U A; belongs to L(I',v). Hence A* C Ag, which implies
Ay C Ap. On the other hand, Ay C Ty =T\ Ag. Hence A; = (), and the pair (T'y, v)
is normal. O

6.2. It follows from [12, Theorem 3.1] and 5.2.A that the following condition holds
if £ is a bounded domain in R? with the smooth boundary and if L is a second
order elliptic operator in R%:

(N) Qp[Qr(u)] = 0 for every u € U and any disjoint closed subsets B, T’ of E'.

In Section 8 we prove a more general result which implies, in particular, that
condition (N) holds, if £ is a bounded domain in R?, L is a second order elliptic
differential operator in E with bounded coefficients, and distinct points of the
Martin boundary E’ correspond to distinct points of the Euclidean boundary OF.

Condition (N) is equivalent to

(N) @(Wr) = 0 for any disjoint closed sets B,T.

Indeed, (N) implies (N') by 5.6.A, and (N’) implies (N) by 5.6.C and 5.2.A.

In the rest of Section 6 and in Section 7 we consider only superdiffusions which
satisfy condition (N). Here are two immediate implication of this condition:

6.2.A. If u is the log-potential of A¥ and if v is concentrated on T', then

(6.1) Qu(u) =0

for every B disjoint from I'.

This follows from 5.6.D and (N').

6.2.B. Let u be the log-potential of A”. If v(B) = 0 and if v(U) < o for a
neighborhood U of B, then Qp(u) = 0.

Proof. Denote by v, s the restrictions of v to U and to E'\ U. Let u; and us
be the log-potentials of A** and A¥2. By Lemma 3.1, v < uj + us, and, by 5.2.F,
Q@p(u) < Qp(u1) + Qp(uz).

By Theorem 5.1, u; is a moderate solution. By Lemma 5.2, Qg (u1) = 0.

By 5.6.D, us < wr, where I' = E’\ U. Since B and T" are disjoint, Qp(uz2) <
QB(’LUF) =0 by 5.2.A and (N) O

Lemma 6.1. Let u be the (T',v)-solution and let B be a closed subset of O = E'\T.
Then the trace of Qp(u) is equal to the restriction v’ of v to B.
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Proof. Let A’ = AY, and A” = AY, where v/ is the restriction of v to B” = O\ B.
Denote by u’,u” the log-potentials of A’, A”. By (4.9), v’ < u, and therefore
v =Qp(u) <Qp(u) by 5.2.A and 5.6.D. On the other hand, u is the log potential
of Z=A"+ A" + Z(T'), where Z(T') is given by (4.12). Therefore

Qp(u) < Qp(u)+Qp(u") + Qp(wr)

by Lemma 3.1 and 5.2.F. It remains to note that @g(u”) = 0 by 6.2.B and
Qp(wr) =0 by (N). This yields Qp(u) = u'. |

6.3. Trace of a (I',v)-solution.

Theorem 6.2. Let (T',v) be a normal pair. If u is a (T',v)-solution, then the trace
of u is equal to (I',v).

Proof. Denote the trace of u by (g, ). By the definition of the trace (see Section
5.7), Op = E’ \ Ty is the maximal moderate open set, and therefore O C Oy by
Lemma 6.1.

If B is a closed subset of O, then B C O, and the trace of Qp(u) is equal to the
restriction of vy by the definition of vy. Therefore v = vy on O. Theorem 6.2 will
be proved if we show that A = I'\ Ty belongs to £L(I',v). A contains no explosion
points of v. Indeed, since v is concentrated on O, every explosion point of v is also
an explosion point for vy and, by the definition of the trace, it belongs to I'g. It
remains to check that A is R-polar. If B is a closed subset of A, then B C O
and therefore it is moderate for u. By 5.2.A and (5.28), Qp(u) > Qp(wp) = wp.
Hence, B is moderate. By Theorem 5.4, it is R-polar. O

6.4. Trace of an arbitrary solution.
Theorem 6.3. The trace (I',v) of an arbitrary solution u is a normal pair.
First we prove two lemmas.

Lemma 6.2. If D1, Dy, D are open subsets of E and if

(6.2) DiND=DyND,
then
(6.3) {RcD}c{Xp=0}C{Xp, =Xp,} Pe-as.

Proof. Let U, be a standard sequence approximating D. By [3, Lemma 2.1], {R C
Un} C {Xp =0} a.s., which implies the first part of (6.3).

Aset Q ={Xp =0,Xp, # Xp,} belongs to F~y, where U = DND; = DN Ds.
By (1.12), P,(Q) = P;Px, (Q) and, by [5, I1.4.6], the second part of (6.3) will be
proved if we show that P,(Q) = 0 for all ¢ U. We have P,{Xp = 0.} = 1 if
¢ ¢ D, and P,{Xp, = Xp, =06,} =1if x € DNU® C (D1 UDy)". O

Lemma 6.3. If (T',v) is the trace of u and if ' is R-polar and v is finite, then u
is moderate.

Remark. According to the definition of the trace in Section 5.7, if u is moderate,
then T' is empty.
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Proof. Let Z be the stochastic boundary value of u and let Zp be its stochastic
boundary value on B. Put B, = {z € E’ : d(z,T") > 1/n}. Note that B,, 1 O =
E'\T. By (3.4) and (5.16),

u(x) = —log P, exp{—Z},
un(z) = @B, (x) = —log Py exp{-Zp, }.

The trace of u,, is the restriction of v to B,,, and therefore
n () + Elun)(@) = [ (e p)uldy) < oc.
By
Hence, for all x and n,

%@SM®=LM%WMW

By 5.4.B, there exists Z such that Zp, 1 Z Py-a.s. for all z. We have

—log Pre™% = limuy,(z) < h(z).
To prove that w is moderate, it is sufficient to show that, for every =z,
(6.4) Z =17 Ppas.

We apply Lemma 6.2 to D1 = D(B,,¢), Dy = D(E',¢),D = D(T',8). Condition
(6.2) holds if e < § and d(z,T') < 6 —¢ for all ¢ B,,. We conclude from (6.3) that

P{R C D(I',6), exp[—(u, Xp(B, o))} = Pe{R C D(T',0), exp|[—(u, X p(g,¢))]}-

By passing to the limit, first as € — 0, then as n — oo, and finally as § — 0, we
get

PARNT =0,e %} = P{RNT = 0,e~%}.
Since T is R-polar and since P,{Z < Z} =1 by 5.4.A, we get (6.4). |

Proof of Theorem 6.3. 1°. Let A € L(I',v) and let Ty = I"' \ A. The theorem will
be proved if we show that v = @Qp,(u) is moderate for every closed subset By of
Op = E'\ Ty. Indeed, this implies Oy C O and therefore Ty D T', A = 0.

Let (I'1, 1) be the trace of v. By Lemma 6.3, it is sufficient to to prove that I'y
is R-polar and v, is finite.

2°. By 5.2.B, v < u, and by 5.2.A, all moderate sets for u are also moderate for
v. Hence I'y C T. By (N), Qp[Qp,](u) =0 for all B C E’\ By. Hence, E' \ By is
moderate for v and is contained in O;. We conclude that I'y € By N T", which is a
subset of R-polar set A.

3°. Note that By C O U A does not contain explosion points of v, and therefore
v(By) < co. Since Qp(v) = 0 for BN By = (), the measure vy vanishes on E’ \ By.
Since v < u, v; <von O C O;. We have

Vl(Ol) = Vl(Ol n BO) = Vl[(Ol \O) n BO] + I/1(O n B()) < V(O n B()) < 00,

because v1(I'N By) = 0 by 5.1.B. O
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7. MAXIMAL PROPERTY OF (I',7)-SOLUTIONS
7.1. Our objective is to prove:

Theorem 7.1. The (T',v)-solution corresponding to a normal pair (I',v) domi-
nates all solutions uw with the same trace.

This follows easily from a kind of mean value theorem which is also of indepen-
dent interest:

Theorem 7.2. Let u be a solution with the trace (T',v). For every D € O(T'), there
exists a positive function Z*(D) such that

(7.1) Z*(D) < A%, a.s.
and
(7.2) u(z) = —log Pye=% P)=(wXp) yp p,

To prove Theorem 7.1, we apply Theorem 7.2 to domains D, = D(T',1/n).
Formulae (7.1) and (7.2) imply that

(7.3) u(x) < —log Pye=A e (wX0n)
for every n. It follows from (5.14) and (5.17) that

u(r) < — log Pye= 4 e=%r < — log P.{Zr =0, e_AV} < —log{RNT =10, e_AZO}
which proves Theorem 7.1.
7.2. Proof of Theorem 7.2. 1°. Denote by B the intersection of E’ with the

M-closure of D. Put D,, = DN D,,, where D,, = D(B,1/n). By the mean value
property 2.1.D,

(7.4) u(z) = —log Poe™“*b.) in D,,.

For every x € Dn, the measure Xp is concentrated, Pp-a.s., on D =0DUD, and
therefore

<U’XDH> = <uaD,XD > + <uD7Xf)n> P,-a.s.

n

Formula (7.2) will follow from (7.4) if we prove that, for every x € D,

(7.5) lim(upp, Xp ) = (u, Xp) Pr-as.
and
(7.6) (up,Xp ) — Z*(D) Pr-as.

2°. Note that (usp, Xp ) = (u, X»), where X, is the restriction of the measure
Xp, to dD. Therefore we get (7.5) if we prove that X,, T Xp Pp-a.s. for z € D.
This has been already done at the end of the proof of Theorem 5.2.

3°. Denote by X,, the restriction of X5 to D. By (1.12), (1.8) and 2.1.D,

—(up,X 5 —(up,Xp
Pz{e (up Dn+1>|7_-CDn} P 5 € (up Dn+1>
> P7 e_<uDv;{f)n+1> _ e—<u,Xn> _ 6_<uD’Xf’n>.

Therefore e {“?X5.) is a bounded submartingale relative to P, (cf. the proof of

Theorem 3.1), and there exists Z*(D) subject to (7.6).
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To get (7.1), we recall that, by Section 3.5, the restriction vp of v to B is the trace
of @p(u). By Theorem 5.3 and 5.6.E, the corresponding functional A¥? satisfies
the condition

AY? =lim({u, Xp,) a.s.
Lemma 3.1 in [9] implies that
<uD,XDn> <(up,Xp,) <{(u,Xp,).
Hence,
Z*(D) =lim(up, Xp ) < A2 < A”  as. O

n

8. ON conDITION (N)

8.1. In this section we introduce a concept of a normal point of the Martin bound-
ary E' and we prove that condition (N) holds if all points of E’ are normal. In the
second part of the section we establish tests of normality.

For every ¢ € E’, we put Vo(¢) = {& € E : d(z,¢) < €}. More generally,
Ve(B)={x € E:d(x,B) < ¢} for every B C E'.

8.2. Admissible pairs and normal points. Let ¢ € E’ and let D be an open
subset of E. We say that (¢, D) is an admissible pair if there exist § > 0 and € > 0
such that Vs(c¢) C D and

(8.1) PA{Xp=0}>c¢ for all = € Vs(c).
Note that, if (¢, D) is admissible, then (¢, D) is admissible for every D O D.
Indeed, by (1.12),
P{Xp =0} = P,Px, {Xp =0} > P,{Xp = 0}.
A point ¢ € E’ is called normal if, for every € > 0, there exists an admissible
pair (¢, D) such that D C V.(¢). Our first objective is to prove
Theorem 8.1. Condition (N) holds if all points of E' are normal.

8.3. The proof needs some preparations. With every open subset D of E we
associate a relatively open subset D* of E’ defined by the condition: ¢ € D* if
Ve(e) C D for some € > 0. Note that D = D U D* is an open set in the exit space

E. Recall that to every function f on E there corresponds a random variable f¥
defined by formula (2.3).

Lemma 8.1. Suppose that T is the first exit time from an open set D C E, ¢ is a
positive bounded real-valued function on 0D and

f(@) =ap(&r ).
Then
(8.2) f¥=0 as. on{&_ €D}
Proof. 1t is sufficient to prove that
(8.3) I{&- € Dy, f7} =0

for every x € E and every open set Dy such that d(Do, E\ D) > 0. Consider
stopping times o, 7, defined as follows: 7, = 7;

on =nf{t: t >71,,& € Do}
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if & € Dg for some t > 7,; 0, = ( otherwise;
Tny1 =inf{t : t > 0,,& € E\ D}
if & € E\ D for some t > oy, 7,41 = ¢ otherwise. Put A, = {n < o1 < -+ <
on < Tn = C}. By the strong Markov property,
Hz{An,fE} =1l,[n <o < <oy, I, {7=C, fE}]

By Lemma 2.1, I, {r = ¢, f¥} =1, {7 = ¢, fP} is equal to 0 for all y, and therefore
. {A,, f¥} = 0. Since the union of the A,, coincides with {{;— € D}, this implies

(8.3). |
Lemma 8.2. If

(8.4) v(z) = —log P,{Xp =0}

and if all points of D* are normal, then for every x € E,

(8.5) vP =0 Pr-a.s. on {&_ € D*}.

For every closed set B C D*, there exists & > 0 such that v is bounded in Vs(B).

Proof. For each ¢ € B, there exists e(c) > 0 such that v is bounded on V{c] =
Vi(e)(c). The sets Vle] form an open cover of B. Let V[ei],...,V]en] be a finite
subcover and let D; be the union of the Vie;],4 = 1,...,n. If § > 0 is sufficiently
small, then V;(B) C Dy, which proves the second part of the lemma.

To prove the first part, we apply Lemma 8.1 to Dy = Vj/5(B) and ¢ = v. By
the Markov property (1.12),

v(x) = —log Pye{vXpo),

and, by Jensen’s inequality, v < f, where f(x) = P.(v,Xp,). By (1.13), f(z) =
,v(¢,,), where 7g is the first exit time from Dg. By Lemma 8.1, f¥ = 0 a.s. on
{&~ € Dg}, which implies an analogous relation for v. Since B is an arbitrary
closed subset of D*, we get (8.5). |

Lemma 8.3. Let @ = Qr(u). If all points of E' \ T are normal, then, for every
6 >0,

(8.6) @ =0 as. on{&_ ¢ Vs(T)*}.

For every closed set B disjoint from I, there exists § > 0 such that @ is bounded in
Vs(B).

Proof. If B C E'\ T, then there is a D € O(T') such that B C D*. Since 1x,—¢ <
e~ (wXD) e have @ < Vp(u) < v, where v is given by (8.4). Therefore Lemma 8.3
follows from Lemma 8.2. (]

8.3. Proof of Theorem 8.1. Put @ = Qr(u) and v = Qp(@t). We need to prove
that v = 0. By Theorem 2.1, it is sufficient to show that

(8.7) vF =0 as.

and that v is bounded. By Lemma 8.3, (8.6) holds for sufficiently small 6 > 0. By
5.2.B, v < @ and therefore v¥ = 0 a.s. on {{— ¢ Vs(I')*. By the same lemma,
if § is sufficiently small, then v¥ = 0 a.s. on {{— ¢ V5(B)*}. Condition (8.7) is
satisfied because V5(I')* and Vs(B)* are disjoint if § < d(B,T")/2.

Denote by Bj the set of all € E’ such that d(x, B) < d(B,T)/2, and let 'y be
the closure of E' \ By. Since By NT' = (), by Lemma 8.3, @ is bounded in V5(Bj)
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for sufficiently small § and the same is true for v. Since BNT'; = ), v is bounded
in V5(T'y) for sufficiently small . Since By UTy = E’, v is bounded in V(E').
The mean value property 2.1.D and Jensen’s inequality imply that v is bounded in

E. O
8.4. Barriers. A barrier in an open set D C F is a positive function u such that
(8.8) Lu<u® onD

and, for all z € D,

(8.9) uP? =00 TM,-as. on {r < (},

where 7 is the first exit time from D. Condition (8.9) holds, in particular, if
(8.10) u=o00 ondD.

Theorem 8.2. If u is a barrier in D, then

(8.11) v(z) = —log P,{Xp =0} < u(zx) for all x € D.

Proof. Note that v T v, where

vg(z) = —log P,e kLXp)

Therefore it is sufficient to prove that vy < u for all k. By Jensen’s inequality,
vk < kh, where h(z) = P, (1, Xp) = {7 < ¢} (cf. the proof of Lemma 8.2). For
every € D, by Lemma 2.1,

AP =1 as.on{r<(¢}, R =0 as. on{r=(}

and therefore

(8.12) P <1 as.on{r<(¢}, v =0 as on{r=(}

On the other hand, by (8.9),

(8.13) uP? =00 as.on{r<(¢}, v?>0 as on{r=(}.

By (8.12) and (8.13), (vx — u)” < 0 I-a.s. Since v, —u < k and Lu —u® <0 =
Lvy, — vy, v, <win D by Theorem 2.1. O

Corollary. A pair (¢, D), where ¢ € D*, is admissible if there exists a barrier u in
D that is bounded in Vs(c) for some § > 0.

8.5. Bounded domains in R?. Now we investigate (L, a)-superdiffusion under
the following assumptions:
8.5.A. E is a bounded domain in R?.
8.5.B. The coefficients of the operator
d
0? 0
L == 47 _— bi RN
Z: ) iy 2,
satisfy the following conditions: there exist constants K;, K5 such that

d d
0< Z aij(l')/\i)\j < K, Z/\g

ij=1 i=1

and
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forall x € D and all A\1,..., g € R.

We use the notation do(z,y) for the Euclidean distance between z and y. We
denote by OF the boundary of E in the Euclidean topology of R?, and we put
Ucs(B) ={x € E : do(x, B) < €} for an arbitrary B C 9FE. We say that points ¢ €
E’ and b € OF are associated and we write ¢ < b if there exists a sequence x,, € E
such that d(x,,c) — 0 and do(xy,b) — 0. Note that the set Cy, = {c € E' : ¢ — b}
is M-closed, and the set B, = {b € OF : ¢ — b} is closed in the Euclidean topology.

Theorem 8.3. Under conditions 8.5.A, B, the pair (¢,U.(B.))) is admissible for
every c € E'.

The proof of Theorem 8.3 is based on the following lemmas.

Lemma 8.4. For every € > 0 and every b € OF, there exists a constant A such
that

(8.14) ve(w) = Ne? = do(x,0)?) /(07D
is a barrier in Ug (D).

Proof. Clearly, v, satisfies condition (8.10). A direct computation (see [3, p.102])
shows that Lv, — vZ < 0 for sufficiently large A. O

Lemma 8.5. For every € > 0, there exists § > 0 such that Vs(c) C U (B.).

Proof. If this is false, then there exist € > 0 and z,, € E such that d(z,,c) < 1/n
but do(zn, B:) > . Choose a subsequence x,, which converges in the Euclidean
topology. Clearly, its limit b belongs to B, in contradiction to the inequality
d0($nk,Bc) > €. O

Proof of Theorem 8.3. For every b € B, U.(b) C Us(B.). Hence
u(z) = —log Po{Xu, (5,) = 0}

is dominated by
v(z) = —log P.{Xy_u) = 0}.

By Theorem 8.2 and Lemma 8.4, v® does not exceed the barrier v defined by (8.14).
We conclude that u is bounded on Uy 5 (b) for every b € B.. Since B, is compact, it
contains a finite subset {b1, ..., b, } such that, for every b € B.., mindy(b,b;) < /4.

Therefore U, /4(B.) C Uzj2(b1) U---UUg/o(by). By Lemma 8.5, there exists 6 > 0
such that Vs(c) C U 4(B.). Hence u is bounded on Vj(c). O

8.6.
Theorem 8.4. A point ¢ € E' is normal if B. N B, =0 for all ¢ # c.

Proof. Tt follows from Theorem 8.3 that ¢ is normal if, for every € > 0, there exists
§ > 0 such that Us(B.) C Ve(c). Suppose that this condition is not satisfied.
Then there exist ¢ > 0 and a sequence z,, € F such that do(z,,B.) < 1/n and
d(zy,c) > €. Choose a subsequence x,, which converges relative to both metrics
dp and d. Denote by b and ¢’ its Euclidean limit and M-limit. Clearly, b € B.N B/
and d(c,c) > e. O

Theorem 8.5. A point c € E' is normal if B, consists of a single point b and if ¢
is an isolated point in Cy.
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First we establish two lemmas.
Lemma 8.6. For every e > 0, there exists § > 0 such that Us(b) C Vo(Cy).
The proof is similar to the proof of Lemma 8.5.

Lemma 8.7. Suppose D1, Dy are two disjoint open subsets of E and D = D1 UDs.
Then, for every x € Dy, P.{Xp, = Xp} = 1.

Proof. By Lemma 3.1 in [9, p.1978], Xp(I') > Xp, (') P,-a.s. for every I' C D. By
(1.13), P, Xp(T) =11,{¢ €T} and P, Xp,(T") = II,{&, € I'}, where 7,7 are the
first exit times from D and from D;. If x € Dy, then 7 = 71 II;-a.s., and therefore
P,Xp(T) = P, Xp, (D). 0

Proof of Theorem 8.5. It is sufficient to prove that the pair (¢, Vz(c)) is admissible
for all sufficiently small . There exists § > 0 such that d(c,¢’) > 20 for all
¢ € C(b),d # c. Suppose that ¢ < 3. Then Vi(Cy) = Vi(c) UV, where V is
open and disjoint from V.(c). By Lemma 8.6, Us(b) C V.(Ch) for some §. By
Theorem 8.3, (¢, Us(B.)) is admissible. Hence (¢,Us(b)) and (¢, Vo(Cy)) are also
admissible. It remains to note that, by Lemma 8.7, Xy (¢,) = Xv_ () Pr-a.s. for
all z € V:(c). O
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